We show that the Quantum Spin Hall Effect, a state of matter with topological properties distinct from conventional insulators, can be realized in HgTe/CdTe semiconductor quantum wells. By varying the thickness of the quantum well, the electronic state changes from a normal to an "inverted" type at a critical thickness d c . We show that this transition is a topological quantum phase transition between a conventional insulating phase and a phase exhibiting the QSH effect with a single pair of helical edge states. We also discuss the methods for experimental detection of the QSH effect.
the order of 10 −3 meV. There are also no immediate experimental systems available for the proposals in Ref. (8, 18) . Here, we present theoretical investigations of the type-III semiconductor quantum wells, and show that the QSH state should be realized in the "inverted" regime where The potential importance of inverted band gap semiconductors like HgTe for the spin Hall effect was pointed out in (6, 9) . The central feature of the type-III quantum wells is band inversion: the barrier material such as CdTe has a normal band progression, with the Γ 6 stype band lying above the Γ 8 p-type band, and the well material HgTe having an inverted band progression whereby the s-type Γ 6 band lies below the p-type Γ 8 band. In both of these materials the gap is the smallest near the Γ point in the Brillouin zone ( Fig. 1 ). In our discussion we neglect the bulk split-off Γ 7 band, as it has negligible effects on the band structure (20, 21).
Therefore, we shall restrict ourselves to a six band model, and start with the following six basic atomic states per unit cell combined into a six component spinor:
In quantum wells grown in the [001] direction the cubic, or spherical symmetry, is broken 3 down to the axial rotation symmetry in the plane. These six bands combine to form the spin up and down (±) states of three quantum well subbands: E1, H1, L1 (21). The L1 subband is separated from the other two (21), and we neglect it, leaving an effective four band model.
At the Γ point with in-plane momentum k = 0, m J is still a good quantum number. At this point the |E1, m J quantum well subband state is formed from the linear combination of the
and the |Γ 8 , m J = ± state has odd parity under two dimensional spatial reflection, the coupling matrix element between these two states must be an odd function of the in-plane momentum k. From these symmetry considerations, we deduce the general form of the effective Hamiltonian for the E1 and the H1 states, expressed in the basis of |E1, m J = 1/2 , |H1, m J = 3/2 and |E1,
where σ i are the Pauli matrices. The form of H * (−k) in the lower block is determined from time reversal symmetry and H * (−k) is unitarily equivalent to H * (k) for this system(see Supporting Online Material). If inversion symmetry and axial symmetry around the growth axis are not broken then the inter-block matrix elements vanish, as presented.
We see that, to the lowest order in k, the Hamiltonian matrix decomposes into 2 × 2 blocks.
From the symmetry arguments given above, we deduce that d 3 (k) is an even function of k, while d 1 (k) and d 2 (k) are odd functions of k. Therefore, we can generally expand them in the following form:
The Hamiltonian in the 2 × 2 subspace therefore takes the form of the 2 + 1 dimensional Dirac Hamiltonian, plus an ǫ(k) term which drops out in the quantum Hall response. The most important quantity is the mass, or gap parameter M, which is the energy difference between the E1 and H1 levels at the Γ point. The overall constant C sets the zero of energy to be the top of the valence band of bulk HgTe. In a quantum well geometry, the band inversion in HgTe necessarily leads to a level crossing at some critical thickness d c of the HgTe layer. For thickness d < d c , i.e. for a thin HgTe layer, the quantum well is in the "normal" regime, where the CdTe is predominant and hence the band energies at the Γ point satisfy E(Γ 6 ) > E(Γ 8 ).
For d > d c the HgTe layer is thick and the well is in the inverted regime where HgTe dominates and E(Γ 6 ) < E(Γ 8 ). As we vary the thickness of the well, the E1 and H1 bands must therefore cross at some d c , and the gap parameter M changes sign between the two sides of the transition (Fig. 2) . Detailed calculations show that, close to transition point, the E1 and H1 band, both doubly degenerate in their spin quantum number, are far away in energy from any other bands 
The form of the effective Hamiltonian is severely constrained by symmetry with respect to z.
Each band has a definite z symmetry or antisymmetry and vanishing matrix elements between them can be easily identified. For example, H ef f 23
(z) is even in z whereas |Γ 8 , − Having presented the realistic k · p calculation starting from the microscopic 6-band Kane model, we now introduce a simplified tight binding model for the E1 and the H1 states based on their symmetry properties. We consider a square lattice with four states per unit cell. The E1 states are described by the s-orbital states ψ 1,3 = |s, α = ±1/2 , and the H1 states are described by the spin-orbit coupled p-orbital states
Here α denotes the electron spin. Nearest neighbor coupling between these states gives the tightbinding Hamiltonian of the form of Eq. 2, with the matrix elements given by
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The tight-binding lattice model simply reduces to the continuum model Eq. 2 when expanded around the Γ point. The tight-binding calculation serves dual purposes. For readers uninitiated in the Kane model and k · p theory, this gives a simple and intuitive derivation of our effective
Hamiltonian that captures all the essential symmetries and topology. On the other hand, it also introduces a short-distance cut-off so that the topological quantities can be well-defined.
Within each 2 × 2 sub-block, the Hamiltonian is of the general form studied in Ref. (9), in the context of the quantum anomalous Hall effect, where the Hall conductance is given by:
in units of e 2 /h, whered denotes the unit d i (k) vector introduced in the Hamiltonian Eq. 2.
When integrated over the full Brillouin Zone, σ xy is quantized to take integer values which measures the Skyrmion number, or the number of times the unitd winds around the unit sphere over the Brillouin Zone torus. The topological structure can be best visualized by plottingd as a function of k. In a Skyrmion with a unit of topological charge, thed vector points to the north (or the south) pole at the origin, to the south (or the north) pole at the zone boundary, and winds around the equatorial plane in the middle region.
Substituting the continuum expression for the d i (k) vector as given in Eq. 3, and cutting off the integral at some finite point in momentum space, one obtains σ xy = 1 2 sign(M), which is a well-known result in field theory (22). In the continuum model, thed vector takes the configuration of a meron, or half of a Skyrmion, where it points to the north (or the south) pole at the origin, and winds around the equator at the boundary. As the meron is half of a Skyrmion, the integral Eq. 6 gives ± . The meron configuration of the d i (k) is depicted in Fig. 2 . In a non-interacting system, half-integral Hall conductance is not possible, which means that other points from the Brillouin Zone must either cancel or add to this contribution so that the total Hall conductance becomes an integer. The fermion-doubled partner (23) of our low-energy fermion near the Γ-point lies in the higher energy spectrum of the lattice and contributes to the total σ xy .
Therefore, our effective Hamiltonian near the Γ point can not give a precise determination of the Hall conductance for the whole system. However, as one changes the quantum well thickness General time reversal symmetry dictates that σ xy (H) = −σ xy (H * ), therefore, the total charge
Hall conductance vanishes, while the spin Hall conductance, given by the difference between the two blocks, is finite, and given by ∆σ We now discuss the experimental detection of the QSH state. A series of purely electrical measurements can be used to detect the basic signature of the QSH state. By sweeping the gate voltage, one can measure the two terminal conductance G LR from the p-doped to bulkinsulating to n-doped regime (Fig. 3) . In the bulk insulating regime, G LR should vanish at low temperatures for a normal insulator at d < d c , while G LR should approach a value close to 2 /h contact conductance on the QSH side of the transition and zero on the insulating side. In a six-terminal measurement, the longitudinal voltage drops µ 2 − µ 1 and µ 4 − µ 3 vanish on the QSH side with a power law as the zero temperature limit is approached. The spin-Hall conductance σ 
Supporting Online Material
We show that our effective Hamiltonian can be derived perturbatively with k · P theory and is a quantitatively accurate description of the band structure for the E1 and the H1 subband states.
We start from the 6-band bulk Kane model which incorporates the Γ 6 and Γ 8 bands but neglects the split-off Γ 7 band( the contribution of the split-off band to the E1,H1 energies is less than 5%(S2)):
where E c is the conduction band offset energy, E v is the valence band offset energy, H c , H v are the conduction and valence (Luttinger) band Hamiltonians, while T (k) is the interaction matrix between the conduction and valence bands:
where m ⋆ is the effective electron mass in the conduction band, k ± = k x ±ik y , P = −h m 0 s|p x |X is the Kane matrix element between the s and p bands with m 0 the bare electron mass, S is the spin-3/2 operator whose representation are the 4 × 4 spin matrices, and γ 1 , γ 2 are the effective Luttinger parameters in the valence band. The ordered basis for this form of the Kane model is (|Γ 6 , +1/2 >,
Although due to space constraints the above Hamiltonian is written in the spherical approximation, our calculations include the anisotropy effects generated by a third Luttinger parameter for numerical values), so we have a set of 3 multi-component eigenvalue equations coupled by the boundary conditions. The in-plane momentum is a good quantum number and the solution in each region takes the general form:
where Ψ(z) is the envelope function spinor in the six component basis introduced earlier.
We solve the Hamiltonian analytically by first solving for the eigenstates at zero in-plane momentum, and then perturbatively finding the form of the Hamiltonian for finite in-plane k:
Hamiltonian:
where
. These parameters are treated as step functions in the z-direction with an abrupt change from the barrier region to the well region.
A general state in the envelope function approximation can be written in the following form: For the E1 band we take the ansatz, already knowing it must be an interface state(S2), to be: 
If we act on this ansatz with the Hamiltonian we decouple the 6 × 6 matrix into two, coupled, one-dimensional Schrodinger equations:
T f 1 (z) + 2 3 P (z)(−i∂ z )f 4 (z) = Ef 1 (z) (13)
where P, T, U, V are given above. Using the restrictions from the Hamiltonian, the continuity of each wavefunction component at the boundaries, and the continuity of the probability current across the boundary, we derive the following set of equations that determine α and δ as a function of E: 
